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Abstract 

Given a compact p-adic Lie group G over a finite Galois extension 
}p put G'^ = Y[cTsGai(L/Q ) construct an exact and faithful 

functor from admissible G-lBanach space representations to admissible lo- 
cally L-analytic G°-representations that coincides with passage to analytic 
vectors in case L = Qp. On the other hand, we study the functor "passage 
to analytic vectors" and its derived functors over general basefields. As 
an application we compute the higher analytic vectors in certain locally 
analytic induced representations. 

1 Introduction and main results 

Recently, a systematic framework to study continuous representations of p-adic 
Lie groups was developed, mainly by Schneider and Teitelbaum ([STl-6], [S]). 
Given a compact p-adic Lie group G there is a functorial link between Banach 
space G-representations and locally analytic G-representations. The functor is 
given by sending a Banach space representation V to its subspace of analytic 
vectors {v G V is an analytic vector if its orbit map G ^ V is locally analytic) . 
If the base field is Qp the functor is well-understood: it descends to an exact 
and faithful functor Fq^, nonzero on objects, between the abelian subcategories 
of admissible representations. It is natural to ask how this fact generalizes to 
arbitrary base fields. 

The present note0 is motivated by this question. Simple examples show that 
the naive analogue is neither exact nor nonzero on objects. The reason, as 
we believe, is that for L ^ Qp there are several notions of local L-analyticity 
each depending on a choice of embedding the base field L into the coefhcient 
field K. To remedy this we consider all notions "simultaneously". To do this, 
however, we have to assume that L/Qp is Galois. In this case, denoting by Go- 
the scalar restriction of G via a <E Gal{L/Qp) and by D'^{G, K) resp. D{G, K) 
the continuous resp. locally analytic isT-valued distributions on G (where L <Z K 
is a finite extension) we construct a natural algebra map 

D%G,K)^D{[[G„,K) 



* This work was partly funded by the RTN " Arithmetic Algebraic Geometry" of the Euro- 
pean Union. 
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and prove (Thm. [m that it is faithfully flat. Given V £ Ban^'^"(if) we intro- 
duce the subspace V^-an of a-analytic vectors whose formation is functorial in 
V. Denoting by Bang^™ (if) resp. Rep^(G) the abelian categories of admissible 
Banach space resp. locally analytic representations of G over K we construct a 
functor 

Ban^*"(if)-.Rep?,.(nG.) 

with the following properties (Thm. 15. 6p : it is exact and faithful and coincides 
with in case L = Qp. Given V S Ban'^"^{K) the representation F{V) is 
strongly admissible. Viewed as a G^-i -representation Fl{V) contains Va-an as 
a closed subrepresentation and functorial in V. 

These results generalize two main theorems of Schneider and Teitelbaum (cf. 
[S], Thm. 4.2/3). 

In the general situation {L/Qp not necessarily Galois) we are left with the 
functor Fl which is interesting in its own right. For an arbitrary Lie group G 
(not necessarily compact) we study the functor "passage to L-analytic vectors" 
Fq^ from admissible locally Qp-analytic representations to admissible locally 
L-analytic representations. Then Fl — Fq Fq^ if G is compact. It is unclear 
at present whether the categories of admissible locally analytic representations 
have enough injective objects. Nevertheless, we prove that Fq extends to a 
cohomological (5-functor (r*)i>o between admissible representations with T' = 
for i > {[L : Qp] — 1) dim^G. The dual functor to Fq equals base extension. We 
compute the functors (which turn out to be certain Ext-groups) and obtain 
for the right-derived functors WFl of Fl that WFl = Fq^ with WFl = 
for i> {[L: Qp] - 1) dim^G. 

Finally, we study the interaction of the functors T' with locally analytic 
induction. Let P C G be a closed subgroup (with a mild condition on P which 
is automatic if G is compact). For all i > we obtain (Thm. 18. 4p 

T' o Ind^° = Ind^ o T' 

as functors on finite dimensional locally Qp-analytic P-representations W. In 
particular, the locally i-analytic P-representation T^W is always finite dimen- 
sional. In case that G equals the i-points of a quasi-split connected reductive 
group we deduce from this an explicit formula for the higher analytic vectors in 
principal series representations of G. 

Throughout this work let | . | be the p-adic absolute value of Cp normalized by 
\p\ — p^^. Let Qp <Z L C K ^ Cp he complete intermediate fields with respect 
to |.| where L/Qp is a finite extension of degree n and K is discretely valued. 
Let C L be the valuation ring. G always denotes a locally L-analytic group 
with Lie algebra g. Their restriction of scalars to Qp are denoted by Gq and go. 
For any field F denote by Vecp the category of vector spaces. For any ring R 
denote by A4{R) the category of right modules. Let k = I resp. 2 if p is odd 
resp. even. We refer to [NVA] for all notions from non-archimedean functional 
analysis. 

Acknowledgements: The author would like to thank Peter Schneider for suggest- 
ing this problem. He is also grateful to Matthew Emerton and Jan Kohlhaase 
for some helpful remarks. 
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2 Frechet-Stein algebras 



In this section we recall and discuss two classes of Frechet-Stein algebras namely 
distribution algebras and hyperenveloping algebras. For a detailed account on 
abstract Frechet-Stein algebras as well as distribution algebras as their first 
examples we refer to [ST5]. For all basic theory on uniform pro-p groups we 
refer to [DDMS] . If not specified all indices r are supposed to satisfy r & p'^ and 
< r < 1. 

A (two-sided) if-Frechet algebra A is called Frechet-Stein if there is a se- 
quence qi < q2 < ■■■ of algebra norms on A defining its Prechet topology and such 

that for all TO S N the completion Am of A with respect to q„i is a noetherian 
A'-Banach algebra and a flat A^+i-module via the natural map A^+i — > Am- 

Theorem 2.1 (Schneider- Teitelbaum) Given a compact locally L-analytic 
group G the algebra D{G,K) of K -valued locally analytic distributions on G is 
Frechet-Stein. 

This is [ST5], Thm. 5.1. We recall the construction: choose a normal open 
subgroup Ho C Go which is a uniform pro-p group. Choose a minimal set of 
ordered generators hi, ...,hd for Hq. The bijective global chart Hq for the 

manifold Hq given by 



induces a topological isomorphism C"'^{Ha,K) ~ C""(Zp,_R') for the locally 
convex spaces of iV'-valued locally analytic functions. In this isomorphism the 
right-hand side is a space of classical Mahler series and the dual isomorphism 
D{Hf),K) ~ D{Zp, K) therefore realizes D{Ho, K) as a space of noncommuta- 
tive power series. More precisely, putting hi := hi — 1 G Z[G], b" := 
for a € Ng the Frechet space D{Ho, K) equals all convergent series 



with da & K such that the set {|(iQ|r''l"l}Q is bounded for all < r < 1. The 
family of norms < r < 1 defined via ||A||r := ^^^>a MqI'"'^'"' defines the 

Frechet topology on D{Hq,K). Restricting to the subfamily < r < 1, r G 
p^ these norms are multiplicative and the completions D,. (Hq , K) are ii'-Banach 
algebras exhibiting a Frechet-Stein structure of D{Ho,K). Choose representa- 
tives gi, ...jgr for the cosets in G/H and define on D{Go, K) — ®i D{Hq, K) gi 
the norms || := maxj ||Ai||r. The completions Dr{Go, K) arc the de- 

sired Banach algebras for D{Gq, K). Finally, D{G,K) is equipped with the 
corresponding quotient norms coming from the quotient map D{Go,K) —^ 
D{G,K). The latter arises as the dual map to the embedding C°'"{G,K) C 
C°'^{Go, K). Passing to the norm completions Dr{G, K) yields the appropriate 
Banach algebras. 

We mention another important feature of D{G, K) in case G is additionally 
a uniform pro-p group G. Each algebra Dr{Go,K) carries the (separated and 
exhaustive) norm filtration defined by the additive subgroups 



{xi,...,Xd) ^ /ii'-'^d 



(1) 




(2) 



F^Dr{Go,K) := {A € Dr{Go,K), ||A||, <p-'*} 
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and F^+Dr{Go,K) (defined as F^Dr{Go,K) via replacing < by <) for s e M. 
Put 

grrDr{Go,K) (BsmF^Dr{G^, K) / D^iGo^K) 

for tiie associated graded ring. Given A G F^Dr{Go, K) \ F^~^Dr{Go, K) we 
denote by cr(A) = A + F^~^Dr{Go, K) G gr'r Dr{Go, K) the principal symbol of 
A. Note tliat Dr{G, K) ~ Dr{Go, K)/Ir is endowed with the quotient filtration 
where / := ker D{Go, K) — > D(G, K) and Ir denotes the closure / C Dr{Go, K). 
For A 7^ in Dr{G, K) the principal symbol cr(A) e gr'r Dr{G, K) is defined in 
the obvious way. 

Theorem 2.2 (Schneider- Teitelbaum) If G is a d- dimensional locally Qp- 
analytic group which is a uniform pro-p group then there is an isomorphism of 
gf K -algebras 

gfrDr{Go,K) ^ {grK)[Xi,...,Xdi a{b,) ^ X,. 

This is [loc.cit.], Thm. 4.5. For its generalization to the base field L one has 
to introduce the following technical assumption on a d-dimensional locally L- 
analytic group G (cf. [Sch], §4): 

Condition (L); there is an L-basis yi,...,^^ of ql and a Zp-basis vi,...,Vn of o 
with vi = 1 such that the system of coordinates of the second kind induced 
by the decomposition Qq^ = (Bj (Bi QpViPj gives an isomorphism of locally Qp- 
analytic manifolds 

%p : ®j ®i ZpViTj — > Go- 
The exponential satisfies exp(A ■ Vij.j) = exp{vifj)^ for all A € Z. 

Note that if G is pro-p and satisfies (L) with suitable bases and then 
exp{X-Vij.j) = ex.p{vij.j)^ for all A € Z extends to Zp-powers and so the elements 

hij := %(wi?j) = ex.p{vaj) 

are a minimal ordered system of topological generators for Gq. 

By [loc.cit.], Cor. 4.4 each locally L-analytic group has a fundamental sys- 
tem of neighbourhoods of the identity consisting of normal uniform subgroups 
satisfying (L). 

Theorem 2.3 Suppose that G is a d-dimensional locally L-analytic group such 
that Go is uniform pro-p and satisfies (L). Let r'^ < p~p^. There is an iso- 
morphism of gr K- algebras 

gfrDr{G,K) {gfK)[Xu...,Xal o{bj) ^ Xj 

where bj G Z[G'] denotes the image ofbij e Z[G'o] under Dr{Go, K) — > Dr{G, K). 

This is [Sch], Prop. 6.10/Cor. 6.12. We sketch its proof. The two-sided ideal 
I is generated by the kernel of the Lie algebra map L (E)Qp flo ^ i-c by the 
nd — d elements Vi (Si — 1 Vi^j , i^l ([loc.cit.], Lem. 6.2). Because (L) holds 
one may explicitly determine the principal symbols of these generators and then 
compute the quotient gr'r Dr{Go, K)/ gr'r Ir — gr'r F)r{G, K). We remark that 
for general r the analogous statement of the theorem is false. 
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We turn to another closely related class of Prechet-Stein algebras. Let G 

be a locally L-analytic group of dimension d. Let U{q) be the enveloping al- 
gebra and let Ci"{G,K) be the stalk at 1 G G of the sheaf of -ftT- valued lo- 
cally L-analytic functions on G. It is a topological algebra with augmentation 
whose underlying locally convex /C-vcctor space is of compact type. Denote by 
U{q, K) := C^"-{G, KYf^ its strong dual, the hyperenv eloping algebra (cf. [P], §8). 
The notation reflects that, up to isomorphism, U{g,K) depends only on g. It 
is a topological algebra with augmentation on a nuclear Frechet space. There 
is a canonical algebra embedding U{g) C U (g, K) with dense image compatible 
with the augmentations. The formation of Cf"'{G,K) and U{g,K) (as locally 
convex topological algebras) is functorial in the group and converts direct prod- 
ucts into (projectively) completed tensor products over K. From [Ko], Prop. 
1.2.8 we obtain that the topological algebra U{g,K) is canonically isomorphic 
to the closure of U{g) inside D(G,K). This relation can be made more precise 
if G has additional structure. 

Theorem 2.4 (Kohlhaase) Suppose Gq is a uniform pro-p group. Denote by 
hii, hnd a minimal set of ordered generators and put bij = hij — 1. Denote by 
Ur{Q, K) the closure ofU{g, K) C Dr{G, K). There are numbers Uj € N depend- 
ing only on r and p such that the (left or right) Ur{g, K) -module Dr{G,K) is 
finite free on the basis TZ := {b", aij < for all {i,j) € {1, ...,n} x {1, ...,d}}. 
The norm on Ur{g, K) is equivalent to the quotient norm Vf induced by the 
quotient map Ur{Qo,K) Ur{g,K). Letting di,...,dd be an L-basis of g and 
:= df^ ■ ■ ■ d^'' one has as K-vector spaces 

Ur{g,K) = { J2 dpdf^, dp e K, I'ridpd'^) for ^ oo}. 

The Banach algebras Ur{g,K) exhibit U{g,K) as a Frechet-Stein algebra. 
Proof: This is extracted from (the proof of ) [Ko], Thm. 1.4.2. □ 

In [loc.cit.] the noetherian and the flatness property of the family Ur{g,K) 
is immediately deduced from the commutative diagram 

Ur{g,K) > Ur'{g,K) 

1 1 

Dr{G,K) > Dr'{G,K) 

for r' < r in which the lower horizontal arrow is a flat map between noetherian 
rings and the vertical arrows are, by the flrst statement in the theorem, finite free 
ring extensions. We also remark that the first statement in the theorem in case 
L = Qp is due to H. Frommer ([F], 1.4 Lem. 3, Cor. 1/2/3). A careful inspection 
of its proof implies the following mild generalization: fix numbers 1 < i^ < n 
and 1 < ia < d and put ??.< = {b" G TZ, aij = for all i > io,j > jo} and 
TZy = {b" e K, aij = for all i < «o, j < jo}- 

Corollary 2.5 In the situation of the theorem one has 

Dr{G,K) = ©bc.e;j<,b»'eK>b"C/r(0,if)b"' 

as abelian groups. 
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Proposition 2.6 Suppose Gq is a uniform pro-p group and satisfies (L) with 
bases vi — l,...,w„ resp. jci,...,'^d- Consider the Banach algebra (Ur{Q,K),i'f). 
Then gr'rUriQ, K) equals a polynomial ring in the d elements (T{f-j) and the 
norm Vf is multiplicative. Put dj :— ij. For any A — J^pen^ '^P^^ ^ Ur{Q,K) 
one has 

VfW = sup |rf/3|cif' 



where Cr G M>o depends only on r and p. 

Proof: Put dij :— Viij and as stated dj :— ij. We view the nd elements dij resp. 
the d elements dj as a Qp-basis of go resp. as an L-basis of ql. The map 

{Ur{m,K),\\.\\r)^{Ur{Q,K),y,) (3) 

occuring in the theorem is a surjective morphism of filtered rings with respect 
to the norm filtrations. Using the inclusion of filtered rings {Ur{Qo,K), \ \.\\r) ^ 
{Dr{GQ,K),\\.\\r) the graded ring gr'rUr{Qo,K) equals a polynomial ring over 
gr'K in the symbols cr{dij). Since ^ is induced by Dr{Go,K) Dr{G,K) 
its kernel Jr is readily seen to be generated by the nd ~ d elements Vidij — 
dij,i ^ 1 (see above). Moreover, since K is discretely valued and since r G p^ 
the filtrations involved are quasi-integral (in the sense of [ST5], §1) whence 
gr'r Ur{2, K) ~ gr'r Ur{Qo, K)/grr Jr canonically as gr'r if- algebras. Now a com- 
putation similar as in the case of distribution algebras yields that gr'r Ur{g, K) 
equals a polynomial ring over gf K in the symbols <j{dj) and that the graded map 
associated to (O maps u{dij) to cr{dj). This implies that Vf is multiplicative , 
that the topological iiT-basis , /3 G Ng for Ur{g,K) is in fact an orthogonal 
basis with respect to i/f and that I'fidj) = \\dij\\r- An easy calculation gives 
d,j = log(l + bij) C DriGo, K) whence Cr := || log(l -I- = sup^gf, \l/t\r'^^ 

is independent of j. □ 



We shall need a result on the compatibility of two Frechet-Stein structures. 

Lemma 2.7 Let G be a compact locally L-analytic group of dimension d and 
P (- G a closed subgroup of dimension I < d. There is an open normal subgroup 
G' G with the following properties: it is uniform and satisfies (L) with respect 
to the bases, say yi, and vi, w„. Furthermore, P' := P Cl G' is uniform 
and satisfies (L) with respect to the bases yi, and vi, ...,«„. 

Proof: Denote the Lie algebras of G resp. P by resp. p^. Denote by Gq, Pq 
the underlying locally Qp-analytic groups. Applying [DDMS], Prop. 3.9 and 
Thm. 4.2 to a uniform subgroup of Pq we see that P contains a uniform subgroup 
Pi such that every open normal subgroup of P lying in Pi is uniform itself. Ac- 
cording to [Sch], Cor. 4.4 and (the proof of) [loc.cit.], Prop. 4.3 we may choose 
a locally i-analytic group G" open normal in G with the following properties: it 
is uniform and satisfies (L) with an L-basis yi, of such that yi, is 
an L-basis of p^. Furthermore, we may arrange that P' := G' O P C Pi. Since 
yi, ...,y; is an L-basis of pi and exp may be viewed an exponential map for P the 
nl elements exp(tiiyj), i — 1, ...,n, j = 1, Z are part of a minimal generating 
system for G' and lie in G' n P = P'. But P' is a uniform locally L-analytic 
group of dimension dim^P' = I whence from G'^ HP — P'^ we deduce that 
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these nl elements are a minimal generating system for P' . Thus, P' satisfies (L) 
with the required bases. □ 



Proposition 2.8 Let G be a compact locally L-analytic group. There is a fam- 
ily of norms (||-||r) on D{Gq,K) with the following properties: it defines the 
Frechet-Stein structure on D{Gq,K) as well as on the subalgebra D{Pq,K). 
For each r the completion Dr{GQ, K) is flat as a Dr{Po, K) -module. The family 
of quotient norms (||.||f) defines the Frechet-Stein structure on D{G, K) as well 
as on the subalgebra D{P,K). For each r the completion Dr{G,K) is flat as a 
Dr{P, K) -module. 

Proof: Apply the preceding lemma to P C G to find an open normal subgroup 
G' 'Z G which is uniform and satisfies (L) with respect to bases and Vi. 
The nd elements exp{vi^j) are then topological generators for G' where the first 
nl elements (l := dim^P) generate the uniform group P' := P D G' . Endow 
D{Go, K) and I?(G, K) with the usual Frechet-Stein structures and restrict the 
norms to D{Pq,K) and D{P,K). Then [ST6], Prop. 6.2. yields all statements 
over Qp. By definition, the quotient map D{Go, K) D{G, K) restricts to the 
quotient map D{Po, K) D{P, K) whence it is easy to see that the restricted 
norms on i?(P, K) equal the quotient norms. Hence they realize a Frechet- 
Stein structure on D{P, K) and only the last claim remains to be justified. 
Applying Thm. 12.41 to D{P, K) and -D(G, K) we obtain a commutative diagram 
of iiT-Banach algebras 



in which the vertial arrows are finite free ring extensions. It therefore suffices 
to see that the upper horizontal arrow is a flat map. The norm on Ur{Q, K) is 
equivalent to the quotient norm Vf coming via the map U{q{),K) U{q,K) 
and the same holds mutatis mutandis for Ur{p,K). By the same argument as 
above the norm on Ur{p, K) is equivalent to the restriction of Vf. By Prop. 12.61 
the associated graded map gr'r Ur{p^ K) gr'r Ur{Q, K) equals the inclusion of 
a polynomial ring over gr K in / variables into one of d variables whence it is 
flat. By [ST5], Prop. 1.2 so is the original map Ur{p, K) -> [/^(g, K). □ 

In case L = Qj, this result is precisely [ST6], Prop. 6.2. The proof of our 
proposition was simplifled by a remark of J. Kohlhaase. 



3 Some Lie algebra cohomology 

We briefly recall the definition of Lie algebra cohomology. We compute the 
cohomology oiU{Q,K). 

Recall the standard complex of free [/(0)-modules U{q) ®l As whose differ- 



Ur{p,K) 



Dr{P,K) 



. Dr{G,K) 
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ential is given via 

a(A yi A ... A y,) = E..<t(-1)'''+*^ ® iTs,n] A yi A ... A A ... A A ... A 

+ Es(-i)'^^^y^ «> yi A ••• A fs A ... A y,. 

Composing with the augmentation U{q) L yields a finite free resolution of the 
C/(g)-module L. Given a left resp. right g-module V its Lie algebra cohomology 
H*{g,V) resp. homology H^{g,V) as objects in VecL equals the cohomology 
of HomL(A07^) resp. the homology of V ®l Afl- ^ow if F G VecK has a 
complete locally convex HausdorfF topology with a g-action via continuous K- 
linear operators then each V^' ®l resp. Homi(A''0,^) can be endowed 
with the (projective) tensor product topology resp. the strong topology and 
then the obvious map 

{V,: <E>L ^ Homi (/yg, V)', (4) 

yields an isomorphism of complexes of locally convex spaces (cf. [P], 1.4). If V 
is additionally of compact type or a nuclear Frechet space and all differentials in 
(HI) are strict (and so have automatically closed image) then, by Hahn-Banach, 
(HI) induces an isomorphism of locally convex _fC-vector spaces 

H,{2,V^)^H*{g,Vy, (5) 

natural in V. 

Lemma 3.1 One has ®,iJ,(0, U{g, K)) = Hq{q, U{q, K)) = K. 

Proof: Over the complex numbers this follows from [P], Thm. 8.6. In our set- 
ting the results of section 2 allow a modification of the proof of [ST6], Prop. 
3.1. More precisely, since Ci^{G,K) is of compact type (i.e. complete and 
reflexive) the strong dual of U{q, K) ®l As equals the cohomological standard 
complex for the g-module C'l'^{G,K) according to (|4|). By [BW], VII.1.1. this 
latter complex equals (up to sign) the stalk at the identity of the deRham com- 
plex of -ftT-valued global locally-analytic differential forms on the manifold G. 
By the usual Poincare lemma the latter is acyclic. Now U{q,K) is nuclear 
Frechet-Stein according to Thm. 12.41 whence all [/(g, iir)-linear maps between 
coadmissible left ?7(g, if )-modules are strict ([ST5], §3). This applies to the 
differentials in J7(g, if) ®l Afl- Hence, ([S]) implies that this complex is acyclic 
precisely if this is true for the strong dual. □ 

Using (O we obtain ©*ii*(g, U{q, K)) = ii"(0, C/(g, K)) = K. 

4 Continuous representations and analytic vec- 
tors 

We recall some definitions and results from continuous representation theory 
relying on [S]. We introduce the notion of analytic vector and prove some basic 
properties. As usually G denotes a locally i^-analytic group. 
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A locally analytic G -representation is a barrelled locally convex Hausdorff 
iT-vcctorspacc V equipped with a G-action via continuous operators such that 
for all 11 £ F the orbit map 

o„ : G ^ V, g~^v 

lies in C'""(G, V). Here G"" (G. V) denotes the space of valued locally analytic 
functions on G equipped with its usual topology. Endowing G"" (G, V) with the 
left regular action yields C"-^{G, V) G Rep^^ (G) and a G-equivariant embedding 

o:V ^C''''{G,V), vt^Oy. 

We denote the category whose objects are locally analytic G-representations and 
whose morphisms are continuous if-linear G-maps by Rep^(G). Let Rep^(G) C 
Rep^(G) be the full subcategory of admissible representations. It is abelian and 
consists of locally analytic G-representations on vector spaces of compact type 
such that the strong dual is a coadmissible £)(G, if)-module (cf. [ST5], §6). 
Without recalling the definition we denote the abelian category of coadmissible 
modules by Cq- Rcp^(G) is contravariantly equivalent to Cq via passage to 
the strong dual ([loc.cit.], Thm. 6.3). In particular, any M & Cq has a nuclear 
Prechet topology. If G is compact Cq contains all finitely presented modules. 
In this case, a.V £ Rep^(G) such that V is finitely generated is called strongly 
admissible. 

Now let G be compact and K/Qp be finite. A Banach space representation 
of G is a X-Banach space V with a linear action of G such that G x V ^ V is 
continuous. Let D'^(G,K) be the algebra of continuous if- valued distributions 
on G. For our purposes V is called admissible if is finitely generated over 
D'^{G, K) ([ST3], Lem. 3.4). Since D'^{G, K) is noetherian these representations 
(with continuous G-maps) form an abelian category 'Q&n'^"^{K) equivalent to 
M.f9[D'^{G,K)) (finitely generated modules) via passing to continuous duals 
([loc.cit.], Thm. 3.5). In particular, Banc*"(if) has enough injectivc objects. 
If F G Bang'''" (if) then v is called a locally L-analytic vector if the orbit 
map g gv lies in C""'{G,V). The subspace Van C V consisting of all these 
vectors has an induced continuous G-action and is endowed with the subspace 
topology arising from the embedding o : Van — *■ C°'^{G,V). By [El], Prop. 
2.1.26 the inclusion G{G,K) C G°'"'{G,K) is continuous and dualizes therefore 
to an algebra map D^G, K) D{G, K). 

Theorem 4.1 (Schneider- Teitelbaum) Let G be compact and K/Qp be fi- 
nite. Suppose that L = Qp. The map 

D%G,K)^D{G,K) (6) 

is faithfully flat. 
This is [S], Thm. 4.3. 

Theorem 4.2 (Schneider- Teitelbaum) Let G be compact and K/Qp be fi- 
nite. Suppose that L = Qp. Given V G 'Ban'^"\K) the representation Van is a 
strongly admissible locally analytic representation and Van ^V is norm-dense. 
The functor Jq^ : V Van between Baa'^'^^K) and Rep^(Go) is exact. 
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Proof: This is [S], Thm. 4.2 and we sketch the proof. On the contravariantly 
equivalent module categories the functor " base extension" corresponds precisely 
to the correspondance V i-^ Van ■ This yields the strong admissibility. Exactness 
and density then follow from faithful flatness of the map □ 

Given the exactness statement Van ^ V being dense is equivalent to the functor 
being faithful. However, in general, the functor is not full (cf. [E2], end of §3). 
Furthermore, ii L ^ Qp, it is generally not exact and can be zero on objects. 
For example (cf. [El], §3) let G = (ol, +) and suppose iIj : G ^ K is Qp-linear 
but not L-linear. The two-dimensional representation of G given by the matrix 

^ ^ is an extension of the trivial representation by itself but not locally 

L-analytic. 

To study Fl we have to introduce yet another functor. Let G be an arbitrary 
locally L-analytic group and Qp C K he discretely valued. Given V G Rep^(G'o) 
we call V G V a locally L-analytic vector if Oy G C°"(G'o, V) lies in the subspace 
G'^"^{G, V). Denote the space of these vectors, endowed with the subspace topol- 
ogy from V, by Van- Since translation on G is locally L-analytic Van has an 
induced continuous G-action. In the following we will show that the correspon- 
dance V Van induces a functor 

Fl : Rep^(Go) ^ Rep?,(G). 

Given V € Rep^- (G) the Lie algebra g acts on V via continuous endomorphisms 

d , ^ 
P ^ exp(iy)u|,^„ 

for y e 0, u e y. Denote by C^^(G^K) the local ring at 1 e G as introduced 
before. Given / e G''"(G, K) denote its image in Gi"(G, K) by [/]. Viewing go 
as point derivations on G™(Go, restricting derivations to G™(G, K) induces 
a map L 0o — > 0- Denote its kernel by 0°. Let (0°) denote the two-sided 
ideal generated by 0° inside /7(0o, i^)- It is readily seen to be the kernel of the 
quotient map C/(0o, K) U{g, K). 

Lemma 4.3 An element / G G°"(Go, A') is locally L-analytic at 1 G G if and 
only if the space of derivations 0° annihilates [/] . 

Proof: The function / is locally L-analytic at 1 if and only if this is true for [/] . 
The vector space isomorphism (0°)' ~ Gr(Go, L:)/Gf'(G, ([TVS], IV.2.2 
Corollary) yields the claim. □ 



Lemma 4.4 Given V S Rep^(Go) one has Van = o-s subspaces of V . In 
particular, Van QV is closed. 

Proof: This follows from [El], Prop. 3.6.19 but we give a proof in the present 
language. Let us assume that V = C°'^^{Go, K). The ideal 0" is L (gjQ^ Ad{g)- 
stable for all 5 G G whence the identity gig^^ — Ad((?)j: in D{Go,K) shows 
that G""(Go,/i:)''° is stable under the left regular action of G on G""(Go,if). 
It follows that / G G°"(Go, K) is annihilated by 0° precisely if 

0-(-?/)(l)-|/(cxp(iy))l,^„ 
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for all y e 0". This amounts to [/] being annihilated by which is the case, 
according to (Lem. 14. 3p . if and only if / is locally L-analytic at 1 G G i.e. 
everywhere. 

For general V £ Rep;^(Go) equipping C'^^{Go, K)^kV with the diagonal 
action (trivial on the second factor) the topological vector space isomorphism 
C°'^{Go, K)%)V C°"(Go, V") becomes G-equi variant. By continuity one ob- 
tains G™(Go,y)8" = closure of G"'(Go, A')b° ®k V which, by the first step, 
equals G°"(G, T^). Hence, for w e y we have 0° u = <^ g" o„ = <^ o„ G 
G°"(G, V) whence V^" = Van- □ 



Proposition 4.5 The correspondance V Van induces a left exact functor 

:Rep?^(Go)^Repl.(G). 
The dual functor equals base extension. 

Proof: By the preceding lemma Van C y is closed and hence of compact type. 
The strong dual thus lies in Cgo n A4(D(G, K)) = Cq ([ST5], Lem. 3.8) whence 
V G Repjf (G). It is immediate that V ^ Van is a functor. Putting t) := 0° 
in Lem. 16. II below and recalling that D{G,K) = D{Go, K)/{g'^) the last claim 
follows. □ 



Corollary 4.6 One has Fl = Fq o Fq^ whence Fl is left exact and the dual 
functor equals base extension. 

Proof: Given V G Ban^ "(X) the identity Fl{V) = F^^ o Fq^{V) as abstract 
is:[G]-modules is clear. Since G''"(G,y) C G"'(Go, y) "is a closed topological 
embedding (by a straightforward generalization of [ST4], Lem. 1.2) the space 
Fl{V) = FQp(y)nG""(G, V) carries the topology as closed subspace ofFq^{V). 
According to Lem. I4.4l this equals precisely the topology of the right-hand side. 
□ 



We obtain that, generally, the map D'^{G,K) D{G,K) is not flat for 
L ^ Qp (but see Thm. 15. 5p . In view of Lem. 14.41 one may ask whether flatness 
holds when G is semisimple. This is answered negatively by Cor. 18.71 below. 



5 cr-analytic vectors 

In this section G denotes a compact d-dimensional locally L-analytic group. 
Under the assumption that L/Qp is Galois we will prove a generalization to the 
two theorems of Schneider- Teitelbaum stated in the preceding section. 

So let us assume in this section that L/Qp is Galois. All indices r in this 
section are assumed to satisfy < r < 1 and r £ p^. We start with a result 
on the Frechet-Stein structure on U{g, K). Given a G Gal{L/Qp) let Ga be the 
scalar restriction of G via a : L L. Denote by go- its Lie algebra. Of course. 
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(Gct)o = Go, (0(t)o = flo since a is Qp-lincar. There is a commutative diagram 
of locally convex iiT- vector spaces 

CnU.G^^K) > Cr{Go,K) 

where the horizontal arrows are induced functorially from the diagonal map 

Lemma 5.1 The lower horizontal map is bijective. 

Proof: We may assume that G admits a global chart cj), that L = K and that 
dim^G — 1. Using and the induced global chart for G^ resp. Go we ar- 
rive at a map Gf'dla L^,L) ^ G^lQp, L) ~ Gf '(L", L) where the first map 
depends on a choice of Qp-basis Vi of L and the second identification is the obvi- 
ous one. Tracing through the definitions shows that this map is induced by the 
i-linear isomorphism L„ ~ L>SiQpL ~ ®iLvi ~ L" and hence, is bijective. □ 

Dualizing the diagram we obtain the commutative diagramm of topological al- 
gebras 

\ 1 

D{Go,K) — ^ D{Y{,G,,K). 

Lemma 5.2 Suppose G is uniform and satisfies (L). For each r the above dia- 
gram extends to a commutative diagramm 

I I 

of Banach algebras where the upper horizontal map is bijective. 

Proof: Let \\.\\r be a fixed norm on D{Go,K) and let be the quotient 

norm on D{Ga,K). Let yj and Vi be bases realising (L) for G. In particu- 
lar ^i^...,jd is an i-basis for g and vi = l,...,v„ is an Zp-basis for Ol- The 
elements hij — exp{vi'jCj) are a minimal set of topological generators for Go- 
Putting bij = hij — 1 we obtain from Q that D{Go, K) consists of certain se- 
ries A = X^oGN""* '^a'^" where ||A||r — sup^, Id^ |r''". Since A is induced from 
Go ^ iUaGS and D{{Y\^Ga)Q,K) -> D{Y\^G,,K) it follows immediately 
that A is norm-decreasing with respect to ||.||r on D{Gq,K) and the tensor 

product norm ®K\\ff ^ on D{]\^Ga,K) = ^Pd{G^,K). This yields the 
commutativity of the diagram. 

For bijectivity it suffices to prove that the inverse map 

■.U(Y[2.,K)^U{3o,K) 
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is continuous when both sides are given the norm topologies. Consider the map 
L (8)Qj^ L Lc. Let ^ (81 6<t be the inverse image of 1 G L^-. Using a 

generator in Ol for the field extension L/Qp one finds that Qa^b^ G Ol- Hence 
choosing ha^ G such that ha\i — ba- we have 

■■= sup |a^6(,''| < 1 

for aU cr G Gal{L/Qp). 

By Thm. 12.41 the rings Ur{gQ,K) resp. Ur{2a,K) are certain noncommuta- 
tive power series rings in the "variables" dij := Vifj resp. da-j '■= J-j- More pre- 
cisely, Ur{Q<j,K) consists of all formal series X]/3GNg dpd^ where dp G K, := 

■ ■ ■ d^''^i and for |/3| 00. Here is the quotient norm 

coming from ||.||r via U{qo,K) — > U{Qrj,K). By Prop. 12.61 v!^ is multiplica- 
tive, the topological A'-basis for [/^(go-,^) is even orthogonal with respect 
to and Vf{daj) — \ \di.j\\r — c^. Having this information on we will show 
that our inverse map restricted to K ®LUiJ\^ g^) is norm-decreasing with 

respect to the tensor product norm v'^ . Since this subalgebra is dense in 
f/rdlcr flcT' ^) t-'^is finishes the proof. We have by definition of the map A that 

Hence, 

l|A~^(9„j)||r = SUp| ^ aab^^^\Cr < S„Cr < Cr 

a.a,b^a\i 

using that the dij are orthogonal and that s^, < 1. Given a generic element 
of K ®L C/(n. 0.) , say A := E/3eN- dp with a^ = d^,f ■ ■ ■ Sf^/we 

obtain 

||A-i(A)||. <supM;3ini|A-^(9.,,)ll^'^- =supM0|cI'^I =0^"^<(A) 

using that is multiplicative and that the monomials d^"- are an orthog- 
onal basis with respect to ®^^^ . □ 



Lemma 5.3 The ring extension A^ : Dr{Go, K) £',.(J^^ Go-, -fC) is finite 
free. 

Proof: We prove only the left version (the right version follows similarly) . Sup- 
pose iJ C G is a normal open subgroup which is uniform and satisfies (L) . Endow 
D{G,K) with the Frechet-Stein structure induced by D{H,K) as explained in 
section 2. One obtains a commutative diagramm 

Dr{Ho,K) > DAUaHa,K) 
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Let TZ he a, system of coset representatives for G/H. Choose a system of coset 
representatives TV in G^r for coset representatives of the cokernel of the 
diagonal map G/H — > Ga/H„. On the group equals the diagonal map 
whence Ar{TZ)TZ' equals a system of coset representatives for Yl^Ga/H^ and 
so the vertical arrows in the above diagramm are finite free ring extensions on 
TZ resp. Ar{TZ)TZ' . Consider the map of left Dr{Go, i4r)-modules 

(Bg'ew DriGo^K) ®daHo,k) DriHH,, K) ^ DriHC K) 

induced by (A ^,)gi^Ti' ^ J^g'eTZ' ^r{^)^J^g' ■ On the level of abelian groups 
this map factores through 

®g^n,a-^w gDriW H.,K)^Y. ^r{9)Dr{\{ H„,K)g' = Dr(\J G,, K) 

a g,g' a a 

and hence, is bijective. It therefore suffices to establish the claim for H. In 
other words, we may assume in the following that G is uniform and satisfies 
(L). We then have a commutative diagramm 

1 1 

Dr{Go,K) Drill. G^,K) 

where the upper vertical arrow is an isomorphism by Lem. 15.21 Let vi, 
resp. X :— {yi, ■■■,fd} be a Zp-bases of Ol resp. a i-basis ql that reahse (L) for 
G. Then the nd elements e:xjp{vif.j) are a minimal set S of topological generators 
for G. Hence, according to Thm. \2A\ the left vertical arrow is finite free on 
a basis 7^ in Z[G]. Putting b" = b'^l^ ■ ■ ■ 6"2^ 6»j = exp(w,j:j) - 1 G Z[G] one 
has TZ = {b", < hj for all ij} where the nd numbers lij depend only on r 
and p. Now the group n<j ^o- is uniform and satisfies (L) with wi,...,z;„ and 
n = \Gal{L/Qp)\ copies of X as bases. In particular, 5' is a minimal set of 
ordered generators. By basic properties of uniform groups any rearrangement 
of J^g. 5' provides another ordered set of topological generators. Hence we may 
assume that JJ. S ^ {h[, ...,h'^^J with Ar{S) = {h[, Put = h'^-l 
and form the set TZ' in the sense of Thm. [gH Let TZ'^ = {b'" G TZ',ak = 
for all k > nd} and 7^> = {b'" G 7^', = for all k < nd}. The fact that 
the numbers hj depend only on r and p together with Ar(fey ) = (/lij, hij) — 1 
implies that Ar{TZ) = TZ'^. Now a similar argument as above yields the claim: 
consider the map of left Dr(Go, -ftr)-modules 

(Bg'eW, DriGo,K)^uAM,K)Ur([[0a,K) Dr{l[G.,K) 

a a 

induced by (A ® l^)g'i^n'^ ^ J^g'en' '-^r{^)^J' g' ■ On the level of abelian groups 
it factores through 

®geTZ,g'en', gUAjJ 9a, K) ^ Mg)Ur([[ Qa,K)g' = G,, K) 

a g^g' a a 

where the last map is an isomorphism by Cor. 12.51 using that Ar{TZ) — TZ'^. It 
follows that i'rdlcr ^CT, K) is a finite sum of copies of Dr{Go, K) as claimed. □ 
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Corollary 5.4 The map A is injective. 

Proof: Since all are injective and compatible with transition A is injective 
by left-exactness of the projective limit. □ 

For the rest of this section we assume K/Qp to be finite. Consider the faithfully 
flat algebra map D'^{G,K) D{Go,K) stated in ©. We compose it with A 
and show 

Theorem 5.5 The map D^iG, K) — > D(n„ G„,K) is faithfully flat. 

Proof: Put Ga- We show only left faithful flatness. For flatness we are 

reduced, by the usual argument, to show that the map D{G^, -?^)'X'_d<:(g.x) J — > 
D{G°,K) is injective for any left ideal J C D'^iG, K). The ring D^iG, K) being 
noetherian the left hand side is a coadmissible D{G'^, i4r)-module. By left exact- 
ness of the projective limit we are thus reduced to show that Dr{G^ , ^)'8'D<^(G,i<') 
J Dr{G°, K) is injective for all r. This is clear since £>'=(G, K) ^ D{Ga,K) 

DriGo,K) ^ Dr{G°,K) is flat (the second map by [ST5], remark 3.2). 

For faithful flatness we have to show D{G^,K) ®d''{g,k) Af 7^ for any 
nonzero left D^(G, i4r)-module M. By the first step we may assume that M is 
finitely generated. Then D{G°,K) ®d'^(g,k) ^ is coadmissible whence we are 
reduced, by the equivalence of categories between coadmissible modules and co- 
herent sheafs ([ST5], Cor. 3.3), to find an index r such that Dr{G^, K)(S'D''(g,k) 
M ^ 0. Put N := D{Go, K) ®d-{g,k) M G Cg„. Then N ^0 whence iV^ ^ 
for some r. It follows 

DriG", K) ^D^(G.K) M = i?,(G°, K) ®D[Go,K) N = Dr{G\ K) ®DAGo,K) Nr 

and the right-hand side is nonzero by faithful flatness of A^. □ 

Each choice a £ Gal{L/Qp) gives rise to the locally L-analytic manifold /To- 
arising from restriction of scalars via a. The space G°'"'{G, K„) = G°"(Go.-i , K) 
is called the space of locally a-analytic functions ([B-VAR], 5.14.3). This moti- 
vates the following definition: given V £ Rep^(G) an element v €V \s called a 
locally a-analytic vector \i Oy G G°"(Go.-i , T^). Let Va-an denote the subspace 
of all these vectors in V . 

Consider the Lie algebra map L go — Tier Q<y ^ Qa-^- The kernel 0° acts 
on V whence one deduces as in case a — id that V^-an = V^" , functorial in 
V and that passage to cr-analytic vectors is a left exact funtor Rcp^(Go) 
Rep^(Go-i). Note also that given ct 7^ t one has V^-an n Vr-an = V^" = V°° , 
the smooth vectors in V. 

We consider the base extension functor M M ^D-'iG.K) D{X\^Ga,K) 
on finitely generated D'^{G, ii')-modules and pull back to representations. This 
yields a functor 

F : Ban^'*™(if ) Rep'}Al[ G.). 

a 

Theorem 5.6 The functor F is exact and faithful. Given V G B8in'^™{K) the 
representation F{V) is strongly admissible. Viewed as a G^^-i -representation, 
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cr G Gal{L/Qp), it contains Va-^an as a closed subrepresentation and functorial 
in V. In case L = Qp the functor coincides with Fq^. 

Proof: The functor being exact and faithful follows directly from faithful flat- 
ness of D'^{G,K) D{G°,K). The projection Ha ^o- ^ induces a strict 
D(G'<:r, if)-equivariant surjection D{1\^ G^, K)(^D'=iG,K) D{Ga) '^d'=(g,k) 

VJ,'. The target equals [V^-i^anYb by the above remarks. The map pulls back 
to a closed and natural embedding V^-i-an Over Qp this is of course 

an isomorphism. □ 



6 Explicit resolutions and (5-functors 

Turning back to a general extension L/Qp (not necessarily Galois) the functors 
Fq and Fl defined previously remain interesting in themselves. We begin their 
study with some general analysis of certain base extension functors between 
coadmissible modules. G denotes an arbitrary locally L-analytic group. 

For the rest of this section we fi,x an ideal f) of L(g)Qp go stable under L^Ad{g) 
for all 5 G G where Ad refers to the adjoint action of G. Denote by (f)) the 
two-sided ideal generated by [) in L U{go) as weU as in D{Go,K). Put 

D:=D{Go,K)/{l}), Cd := Cgo r\ M{D). 

Then Co (with D-linear maps) is an abelian category. If G is compact then 
D{Go,K) and D are Frechet-Stein algebras. In this case, if {Dr{Go,K)) de- 
notes the coherent sheaf associated to D{Gq,K) and (f))r the ideal gener- 
ated by f) inside Dr{Go, K), the coherent sheaf associated to D equals Dr := 
Dr{Go,K)/{t))r ([ST5], Prop. 3.7) 

Lemma 6.1 There is a commutative diagramm of functors 
Rep^(Go) Rep^(Go) 
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M^M®r,iGa.K)D 
L-Go ^ l-C 

Proof: By continuity of the Lie action and since f) is Ad-stable V ^ \s an 
auto-functor of Rep^(Go). If -ff C G is a compact open subgroup the inclusion 
D{H,K) C D{G,K) is a topological embedding ([Ko], Prop. 1.1.3). Since the 
base extended standard complex D{Gq,K) ®l is one of free left D{Gq,K)- 
modules we deduce from strictness of all maps in Cr that all differentials are 
strict. By definition of the projective tensor product topology all differentials in 
the extended complex VI®l/\^ are therefore strict. Since is coadmissible it is 
nuclear Frechet whence ([5]) for ^ = implies that restriction of functionals yields 
a Go-isomorphism Vl/Vl\) ~ [y^Yb of topological vector spaces, functorial in V . 
By local analyticity this extends to an isomorphism of right Z?(Go, ii')-modules 
yb®D{Go,K) F> — {V^)'j^ natural in V . Using reffexivity of V the result follows. □ 
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We consider the left derived functors Torf ('^"•^)(., D) of 

(•) ^D(Go,K) D : M{D(Go,K)) ^ M{D) 

and show that they preserve coadmissibihty i.e. that they descend to functors 
between Cgq and Cd- Since it is unclear at present whether Cgo has enough pro- 
jectives we work with exphcit resolutions of the D{Go, K)-modn\e D. Consider 
the base extension of the standard resolution for the J7([))-niodule L 

I 
D{Go, K)®l/\^^ ... ^ D{Go,K) ®l /\^ ^ D (7) 

which consists of free and finitely generated left D{Go, iir)-modules {I —diuiLi))- 

Lemma 6.2 The complex ([7]) is a free resolution of the left D(Go, K) -module 
D. 

Proof: Choosing a compact open subgroup H C G we have t)-invariant decom- 
positions 

D{Go,K) = (BgeG/H9D{Ho, K), D - ®geG/H9[D{H^, 

We may therefore assume that Go is compact. Then (O is a complex of coad- 
missible left Z3(G'o, ii')-modules whence acyclicity may be tested on coherent 
sheafs. It thus suffices to see that Dr{Go,K) (g) /\[) is exact for a fixed radius 
p-^ <r <1 inp"^. The maps U{qo,K) UriBo,K) Dr{GQ,K) are flat, the 
first by [ST5], remark 3.2 and the second by Thm. 12.41 We are thus reduced 
to show that base extending the standard complex [/(f)) ®l to U{go,K) is 
exact. But this follows from Lem. 13.11 applied to the Lie algebra f) and the fact 
that U{[),K) C U{L (8)Qp Qo,K) ~ U{qo, K) is a free ring extension, hence flat. 
□ 



Proposition 6.3 The functors Torf ('^»'^^(., Z?) descend to Cqo ^ Co- 
Proof: Let X G Cgo be given. By Lem. 16.21 we have 

ToT^(Go,K)^X,D)^h,iX®L/\l)) (8) 

in VecK- Using that f) is Ad- stable we may endow the complex ([7]) with a 
right Z?(G'o, i^)-module structure as follows. The adjoint action of Gq on f) is 
locally analytic and extends functorially to a continuous right action on /\'^ [) 
given explicitly via (yi A ... A = Ad(g~^)j:i A ... A Ad{g'~^)^q. Letting Go act 
on -D(Go, K) by right multiplication we give D{Go, K) ® /\^ \] the right diago- 
nal Go-action which extends to a right /^(Go, i^)-module structure (cf. [ST6], 
Appendix). The identity gig^^ — Ad{g)i in D{Go,K) implies that the differ- 
ential 9 of ([T]) respects the diagonal right Go-action. Since iir[Go] C D{Gq,K) 
is dense d respects the right Z)(Go, i^)-module structure by continuity. The 
complex X (E)L is therefore in fact one of right D{Gq. i4r)-modules which, by 
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the usual argument with double complexes, makes the isomorphism ([5]) right 
Z)(G'o, i^)-equivariant. Since X is coadmissible and /\^ \) is finite dimensional 
dualising [El], Prop. 6.1.5 yields that each right module X ®l f\'' ^ is coadmis- 
sible. Since Cg„ is abelian we obtain Torf ('^"'■^^(X, D) G Cgo nM{D) = Co- □ 

For further reference we point out a corollary shown in the previous proof. 

Corollary 6.4 The resolution ^ is a complex of D{Go, K)-bimodules. 

Lemma 6.5 Suppose G is compact. Given X e Cgo the coherent sheaf associ- 
ated to Torf(^"'^)(X,i:>) equals (Torf D^))^. 

Proof: According to [ST5], Cor. 3.1 the coherent sheaf of Torf (X, £>) e 
Cgo equals (Torf ('^"'^^(X, D) (E>d{Go.k) Dr{Go,K))r. Take a projective reso- 
lution P. X in M{D{Go,K)). By flatness of D{Gq,K) Dr{Go,K) 
the complex P. ®d{Go,k) Dr{GQ,K) Xr is a projective resolution of the 
Dr{Go, K)-modvi\e Xr- Using that Dr — D ®d(Go.k) Dr{Go, Kj) we have as 
right Z?r(Go, A')-modules 

Torf'-(««^^)(X,,i?,) ~ h^P. ^DiGo.K) Dr) 

~ h,{P. ®D(Go.K) D) ®D(Go.K) Dr{Go, K) 
~ Torf(«°'^)(X,i?) ®D(Go.K) Dr{Go,K). 

□ 

Corollary 6.6 Given X G Cgq one has in Vcck 

TOT^^^^"^''\Xr,Dr) ~ i/*(t),X,). 

Here, the first isomorphism is natural in X and for the second isomorphism G is 
assumed to be compact. In particular, these spaces vanish in degrees > dim^f). 

Proof: The first isomorphism and its naturality follows immediately from line 
(IHl). If G is compact the map D{Ga, K) A-(Go, K) is fiat whence Dr{Go, K)®l 
is a free resolution of the left Dr{Go, if )-module Taking homology yields 

that TOT^-^^°-^\Xr,Dr) = h^Xr (g) L Ah) ■ □ 



Lemma 6.7 The functors Tor^''"'"'^' (., I?) form a 5-functor between Cgq cind 
Cd- 

Proof: Being left derived functors the Torf ('^''•^'(., D) for m a (5-functor between 
M{D{Go,K)) and M{D). Since Cgo C M{D{Go,K)) is a fuU embedding (and 
similarly for G) this (5-functor descends to a 5-functor between Cgq and Cd- Q 
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7 Higher analytic vectors 



We apply the results of the preceding section to the choice of ideal f) :— g'^ where, 
as before, g° = ker (L go ^ fl)- Hence D ^ D{Go,K)/{g°) ~ D{G,K) and 
CD=CGor\M{DiG,K))^CG. 

Theorem 7.1 Passage to analytic vectors 

: Rep^(Go) Rep^(G), V ^ K„ 

extends to a cohomological 6-functor (T')i>o vanishing for i > ([L : Qp] — 
l)dimLG. 

Proof: We may replace the right upper corner in Lem. 16.11 by Rep^(G) with- 
out changing the statement. Then both vertical arrows are anti-equivalences 
between abelian categories and therefore exact functors. By direct calcula- 
tion pulling back the functors Torf ^(G, i^)) : Cg,, Cg (of. Lem. 
16. 7p yields a cohomological (5-functor extending Fq . Finally, dim^g*' = {[L : 
Qp]-l)dimLG. " □ 

The functors can be expressed without referring to coadmissible modules. 
Endowing V £ Rep^(Go) with the uniquely determined separately continuous 
left £'(Go, i^)-module structure defines a functor V between Rep5f(Go) 

and Ai'''^-^*{D{Ga, K)). We consider the G-representation 

Ext},^a„.j,^{D{G,K),V) 

where the left G-action comes from right multiplication on D{G,K). 

Corollary 7.2 There is a natural isomorphism 

of admissible G -representations. 

Proof: Recall that the standard resolution ([7]) D{Go,K) (g)^ /\g° of the left 
module D{G,K) has a strict differential. Taking cohomology on the com- 
plex }iomD(Go,K){D{Go, K) ®L Afl": ^) = HomLCAfl", V) yields an isomorpism 
ExtJjjQ^ jf)(£)(G, -fC), V") ~ H*{q^,V) in Vecx natural in V. In particular, the 
Ext group has a natural locally convex topology of compact type. Using Cor. 
16.61 as well as (O we obtain a natural isomorphism in Vcck 

Torf(«-^)(F,',i?(G,if)) ^ Ext},(ao,K)iDiG,K),V)l 

By direct computation it is G-equivariant whence passing to the strong dual 
yields the assertion. □ 

We discuss some consequences and examples. 

1. cr-analytic vectors. Assume L/Qp is Galois. Now putting t) :— in Lem. 
16.71 and pulling back to representations yields: for each a £ Gal{L/Qp) the 
functor Rep^(Go) Rep^(Go.-i), V ^ Va-an extends to a (5-functor. The 
higher functors vanish in degrees > ([L : Qp] — 1) dim^G. 
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2. [/(g)-finite representations. Recall that V G Rep^(G') is called locally 
U{g)-finite if for all x £ the orbit U{q)x is contained in a finite dimensional 
if-subspace of (cf. [STl]). Denote for the moment the full subcategory of 
Rep^(G) consisting of these representations by Rep^-^(G). It is abehan. 

Corollary 7.3 IfG is semisimple passage to analytic vectors is an exact functor 
Rep^^(Go)^Rep^-^(G). 

Proof: Let V G Rep^^(Go). It suffices to see that H^{q",V) = 0. The g"- 
module is a direct limit of finite dimensional ones W. Since go and thus 
g° are semisimple Lie algebras the first Whitehead lemma together with ^ for 
* = 1 yields i?i(g°, W) = 0. Since iJi(g'^, .) commutes with direct limits using 
© again we obtain H^{q°, V) = 0. □ 



3. Banach space representations. Let G be compact and K/Qp be finite. 

Corollary 7.4 One has R^Fl — Fq for the right- derived functors of F^. 
In particular R^Fl ~ for i > {[L : Qp] — 1) dim^G. 

Proof: We have Fl — Fq^ and the dual functor Fq^ to Fq^ is given by 
(.) ^D^iG.K) D{Go, K) whence there is a commutative diagramm of functors 

Ban^''"(i^) — ^ Rep^(G) 

where the vertical functors are exact. The map D^{G,K) D{Go,K) is flat 
whence 

Torf {X, D{G, K)) Torf {X ®d^(g,k) D{Go,K),D{G, K)) 

natural in X e M{D''{G, K)). Denoting by S^ the "dual" functor to the left- 
derived functors of the bottom horizontal arrow are therefore Si Fq . Pulling 
back to representations we get the result. □ 



4. Smooth representations. Let Rep|^''^(G) C Rep^(Go) denote the full abelian 
subcategory of smooth-admissible representations ([ST5], §6). The equivalence 
Rep^(Go) — Cgo induces an equivalence Rep^'"(G) ~ Coo where Coo = Cgo H 
MiD'^iG, K)) and D'^{G, K) = D{Gq,K)/{qo) denotes the algebra of smooth 
distributions ([ST6], §1). Since V°° = H^{qo,V) we may put \) := L go, 
apply the results of the preceding section and obtain: passage to smooth vectors 
Repjf (Go) — > Rep^'°(G), V i-^ extends to a J-functor vanishing in degrees 
> [L:Qp]dimLG. 



8 Higher analytic vectors and induction 

We study the interaction of passage to (higher) analytic vectors with locally 
analytic induction. This implies an explicit formula for the higher analytic 
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vectors in principal series representations. As usual G denotes a locally L- 
analytic group. 

We let F C G be a closed subgroup with Lie algebra p. Let Indp denote 
the locally analytic induction viewed as a functor from locally L-analytic P- 
representations (W, p), finite dimensional over K to admissible G-representations. 
Explicitly, 

Ind^(M^) := {/ e C^'^iCW), f{gb) = p{b)-^f{g) for all 5 e G, 6 £ P} 

and G acts by left translations. One has the isomorphism of right D{G,K)- 
modules 

Wl ®DiP.K) D{G, K) ^ (Ind^H^)', (9) 

mapping (f) ® \to the functional / \{g ^ 'Pifid))) ([OS], 2.4). 

Recall that = ker {L (EDq^ go g). We assume for the rest of this 
section that there is a compact open subgroup G' C G such that an "Iwasawa 
decomposition" 

G = G'P (10) 

holds. 

Lemma 8.1 Given X G A4{D(Go, K)) there is a natural isomorphism 

ToTf'-^'°^^\x, D{G', K)) ~ Torf D{G, K)) 

as right D{G\K)- modules. 

Proof: Let * = 0. For X = D{Go,K) the claim follows from the fact that 
G' C G is open whence g" C D{G'o, K) with D{G',K) = D{G'o, K)/{2"). The 
case of arbitrary X follows from this. In general a projective resolution P. —> X 
of X as D{Go, K)-modvde remains a projective resolution of X as D{G'q,K)- 
module since D{Go, K) is free over D{G'q, K). The claim then follows from the 
case * = 0. □ 

Now put P' := P n G'. Using (fTO|) restriction of functions induces a topological 
G'-isomorphism 

lnd$W liid%W 
where the right-hand side has the obvious meaning. 
Lemma 8.2 (i) For all Y e M{D{P,K) the natural map 

Y ®D[P'.K) D{G\ K)-^Y ®D[P,K) D{G, K) 

is an isomorphism of D{G' , K) -modules. 
(ii) We have a commutative diagramm 

W ®D{P',K)D{G',K) > {lnA%Wy 

W ®D{P,K)D{G,K) > (Ind^W^)' 

of right D{G' , K)-modules in which all four maps are isomorphisms. 
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Proof: This is a straightforward generaUzation of [ST6], Lem. 6.1 using pU|) . □ 

It foUows from (ii) that IndpW^ £ Rep^(G'). 

Recall from last section that Fq extends to a (5-fmictor (r*)i>o (Thm. 
I7.ip . Assume that we are given a finite dimensional locally Qp-analytic P- 
representation W. We abbreviate in the following 

F:=lnd^«VFeRep^(Go) 

and study the admissible G-representations T^V. The map the inclusion 
D{Po, K) C D{Go,K) and functoriality of /\ with respect to p° — > g*' induce a 
morphism of complexes of right D{Po, ii')-modules 

W (S>D{Po,K) P- V ®D{Go.K) Q- 

where P. resp. Q. denote the standard resolutions for the bimodules D{P,K) 
resp. D{G, K) as referred to in Cor. 16.41 We obtain a map 

Torf(^«)(W^',i?(P)) ®D(P) D{G) ^ Torf(««)(^',i?(G)) (11) 

of right £'(G)-modules where we have abbreviated D[G) :— D{G,K),D{P) :— 
D{P, K) etc. 

Lemma 8.3 The map (|lip is an isomorphism. 

Proof: First note that the right-hand side is a priori coadmissible by Prop. 16.31 
We now have bijective maps of right -D(G' )-modules 

Torf (^")(W^',D(F)) ®DiP) D{G) ^ Tor f ^^''^W , D{P)) ®DiP') D{G') 

(Lem. |H2](i) applied to Y := ToTf^^'>\W',D{P))) and 

Tovf ^P"\W',D{P)) ®c(p,) D{G') ^ Torf(^«)(W^', i?(P')) ®I5(P') D{G') 

(Lem. Oapplied to P' C P and W G M{D{Po,K)). Their composite fits into 
the diagramm 

Torf<^''"\W',D{P))(^niP)D{G) > ToTf^''"\V',D{G)) 

I I 

Tovf'^''^>\w\D{P'))®D^p,)D{G') > Torf"^«'(y',i?(G')) 

where the right hand vertical arrow is due to Lem. 18.11 and bijective and the 
lower horizontal arrow is defined analogously to the upper one. Tracing through 
the definitions of the maps involved this diagramm commutes. Recalling that 
V ~ (Indp?T^)' as a P>(Gf,, i^)-module (Lem. [U(ii)) we are thus reduced to 
show that the map of right L'(G')-modules 

Tor'^^''°\w',D{P')) ®c(p,) D{G') Tot'^^'^'°\v' , D{G')) 

is an isomorphism. Note that now both sides of our map are coadmissible 
-D(G')-modules: the left hand side is a base extension of a _D(P')-module fi- 
nite dimensional over K (Cor. 16. 6p . Since G' is moreover compact the bi- 
jectivity may be tested on coherent sheafs. To do this we realise D{Gq) and 
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D{G') as Frechet-Stcin algebras via the families of norms appearing in Prop. 
12.81 Denote by [Nr) and {Mr) the coherent sheafs associated to the modules 

N Torf ^^"^ [W , D{P'))(g)D(P') D{G') and M := Torf ^"^"^ (F', D{G')). Given 
an index r it suffices to show that the map — > is an isomorphism. To 
do this choose a projective resolution P. — > by right i3r(-Po)-modules. Then 
using the flatness of Dr(fo) ^ Dr{G'^) and Dr{P') Dr{G') (Prop. [UHl) we 
obtain the isomorphism of right Z?r(G')-modules 

T0U^^''«\w;.,Dr{P'))^DAP')Dr{G') ~ K{P®DAPi)Dr{G')) 

^ K{P.^DAG'o}^r{G')) 

~ Torf'^^^°^(K.',i?,(G')) 

where P. = P. (1^d^{p;-,) ^r(Go) is a projective resolution of the right £)r(Go)- 
module 

This isomorphism fits into the commutative diagram of right Dr(G')-modules 
ToTf'-^''"\w;,Dr{P'))^DAP')Dr{G') > Torf-(^°^(K',i?,(G')) 



Nr > Mr 



where the vertical arrows are isomorphisms by Lem. 16.51 Hence the lower hori- 
zontal arrow is an isomorphism as well. □ 



Theorem 8.4 The functors commute with induction: given a finite dimen- 
sional locally Qp-analytic P -representation W one has an isomorphism 

T o Ind^« [W) ~ Ind^ o T\W) 

as admissible G -representations functorial in W . 

Proof: This follows from dualising the isomorphism in the preceding lemma 
which is, by construction, functorial in W. □ 

The functor Indp is nonzero on objects ([Fea], Satz. 4.3.1) whence 

Corollary 8.5 We have TTnd^^VF ^ if and only ifT'W 7^ 0. In particular 
T'lnd'^°W = for all i > {[L : Qp] - 1) dim^p. 

The above results apply in particular when G equals the L-points of a con- 
nected reductive group over L and P C G is a parabolic subgroup. If W is a 
one dimensional P-representation given by a locally Qp-analytic character 
X : P — > i^^ we may determine the vector space T^K^ completely. For sim- 
plicity we assume that G is quasi-split and let P P be a Borel subgroup 
with Lie algebra b. Then b = tu (semidirect product) where t is a maximal 
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toral subalgebra and u = [b,b]. Let be the kernel of K (S)q^ bo ^ K b 
and define t° and u° analogously. Then is a b°-niodule via K C^q^ dx where 
dx : bo — > if denotes the differential of x- We denote this module as well as the 
induced (note that [b°, b°] = u°) t°-niodule by i^dx- 

Corollary 8.6 There is an isomorphism in Vecx 

j-\-k—i 

Proof: By Cor. ESI we have that T^K^ = H^{b°,Kd^) in VecK- The algebras 
b° resp. t° resp. u° are direct products of scalar extensions of b resp. t resp. u. 
In particular, i" C b" is a reductive subalgebra whence [HS], Thm. 12 implies 
that there is an isomorphism 

j+k—i 

in VecK where H* {b'^ K^x) is the relative Lie algebra cohomology with re- 
spect to t°. Now t° is even toral whence the argument preceding [loc.cit.], Thm. 
13 implies that H*{b°,t°,Kdx) ^ i?*(u°, i^dx)'" • Finally, since t° is abelian, an 
easy computation on the level of cochains yields H^{t^, K) = Hom^f (/\-' t°, if). 
□ 

Remark: One has H'^{u^ ^K^x) = H^{V'^,K) in Vcck and since u*^ is nilpo- 
tent [D], Thm. 2 implies that dim^ H''{u°, K) > 1 for < k < dim^u^. 

Corollary 8.7 If x is smooth one has T^Indp^" A'^^, =^ 0. 

Proof: We have dx = whence H^{u^ , K^xY" — K. By the corollary there is 
an injection /\^ t° T^^x whence the claim follows from Cor. 18.51 □ 
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